Abstract A general affine connection has enough degrees of freedom to describe the classical gravitational and electromagnetic fields in the metric-affine formulation of gravity. The gravitational field is represented by the symmetric part of the Ricci tensor and the classical electromagnetic field can be represented geometrically by the tensor of homothetic curvature. The simplest metric-affine Lagrangian that depends on these two tensors is linear in the Ricci scalar and quadratic in the tensor of homothetic curvature, generating the Einstein-Maxwell equations. To include spinor fields we use the metric-affine variational principle with the tetrad and spin connection as dynamical variables. We show that the generally covariant Dirac Lagrangian gives rise to the standard spinor source for the Einstein-Maxwell equations, while the spinor field obeys the nonlinear Heisenberg-Ivanenko equation with the electromagnetic coupling.
Introduction
In general relativity, the electromagnetic field and its sources are considered to be on the side of the matter tensor in the field equations, i.e. they act as sources of the gravitational field. In unified field theory, the electromagnetic field obtains the same geometric status as the gravitational field [1] . The geometry of general relativity is that of a four-dimensional Riemannian manifold, i.e. equipped with a symmetric metric-tensor field and an affine connection that is torsionless and metric compatible. In order to combine gravitation and electromagnetism on the classical level within a geometrical theory we must modify some postulates of general relativity. Weyl relaxed the postulate of metric compatibility of the affine connection, obtaining a unified theory of gravitation and electromagnetism, where gauge invariance of the electromagnetic potential is related to conformal invariance of the gravitational Lagrangian [2] . Kaluza introduced a five-dimensional spacetime with one Killing vector and showed that the Lagrangian linear in the five-dimensional Ricci scalar yields the Einstein-Maxwell field equations and the Lorentz equation of motion [3] . Relaxing the postulate of the symmetry of the affine connection [4] and metric tensor resulted in the Einstein-Straus and Schrödinger nonsymmetric unified field theories [5, 6] . While Kaluza's theory gave rise to later models of spacetime with extra dimensions, the Einstein-Schrödinger and Weyl's theories turned out to be non-physical [7] .
In the metric-affine formulation of gravity, both the metric tensor and connection are independent variables (gravitational potentials) and the field equations are derived by varying the action with respect to these quantities [8, 9] . A general affine connection has enough degrees of freedom to describe the gravitational and electromagnetic fields. The gravitational field is represented in the Lagrangian by the symmetric part of the Ricci tensor and the classical electromagnetic field can be represented by the tensor of homothetic curvature [10] . Unlike in the Einstein-Schrödinger and Weyl's theories, where the electromagnetic field is associated with a generalized metric tensor, incorporating the electromagnetic potential into a generalized affine connection seems more natural: the connection generalizes an ordinary derivative of a vector into a coordinate-covariant derivative and the electromagnetic potential generalizes it into a U (1)-covariant derivative, so both objects have the same purpose: to preserve the correct transformation properties under certain symmetries. The simplest metric-affine Lagrangian that depends on the Ricci scalar and the tensor of homothetic curvature, introduced by Ponomarev and Obukhov, generates the Einstein-Maxwell equations [11] . The analogous Lagrangian in the purely affine formulation was introduced by Ferraris and Kijowski [12] .
In order to incorporate matter fields represented by spinors we must use a tetrad as a dynamical variable instead of the metric tensor. Accordingly, the variation with respect to the affine connection can be replaced by the variation with respect to the spin connection (the Einstein-Cartan-KibbleSciama theory) [13] . In this paper, which is a sequel of [14, 15] , we use the Lagrangian of Ponomarev and Obukhov with the tetrad and spin connection as the gravitational potentials and derive the corresponding field equations. We show that the generally covariant Dirac Lagrangian produces the standard spinor source for the Einstein-Maxwell equations, while the spinor field obeys the nonlinear Heisenberg-Ivanenko equation [8, 16, 17] with the electromagnetic coupling.
Variation of the Ricci scalar and homothetic curvature
The curvature tensor with two Lorentz and two coordinate indices depends only on the spin connection ω ab µ and its first derivatives [7, 14] :
The double contraction of the tensor (1) with the tetrad e µ a gives the Ricci scalar:
The tensor of homothetic curvature as a function of the spin connection is given by [14] :
The simplest metric-affine Lagrangian density that depends on the Ricci scalar and the tensor of homothetic curvature was introduced by Ponomarev and Obukhov [11] :
where Ä m is the matter part of the Lagrangian density, α is a constant and c = 1. The gravitational part of Ä can be written as
where
b and = det(e a µ ). The variation of the Ricci scalar density with respect to the tetrad gives δ(
µν e ν b is the tetrad Ricci tensor. The variation of the electromagnetic part of the Lagrangian density gives
Consequently, the stationarity of the action S = d 4 xÄ under the variation of the tetrad yields the Einstein equations:
where Ì a µ is a dynamical energy-momentum tensor density in the tetrad formulation of gravity: [7, 15] . Varying the action with respect to the connection in metric-affine theories of gravitation gives a relation between the connection and metric. The variation of the Ricci scalar density gives
The total (with respect to the coordinate, Lorentz and spinor indices) covariant derivative of the tensor density µν ab vanishes due to vanishing of the total covariant derivative of the tetrad [7, 14] :
where S ρ µν is the Cartan torsion tensor. 1 From Eqs. (9) and (10) and the formula [14] :
where N µνρ = g µν;ρ is the nonmetricity tensor and the semicolon denotes the covariant derivative with respect to the coordinate indices, we obtain
where S µ is the torsion vector [15] . The variation of the electromagnetic part of the Lagrangian density (4) gives
Consequently, the stationarity of the action under the variation of the spin connection yields the field equation:
where Ë µ ab is the hypermomentum density in the spin-connection formulation of gravity:
.
Field equations
Contracting the field equation (14) with respect to the indices (a, b) brings it into the Maxwell-like equation:
Since the tensor of homothetic curvature Q µν is also a curl of the vector (ω c cµ ), we can associate it with the electromagnetic field tensor F µν :
Accordingly, the electromagnetic potential A µ is related to the trace of the spin connection:
With this association the electromagnetic part of the Lagrangian density (4) acquires the correct minus sign. The reason for the imaginarity of ω c cµ will be explained in the next section. The trace of the spin-connection hypermomentum density is the source for the homothetic field so it is proportional to the electromagnetic current vector:
Substituting Eq. (15) to (14) gives
This equation determines the torsion and nonmetricity tensors, thus the affine and spin connection, from the hypermomentum density and tetrad. In the absence of spinor fields: Ë µ ab = 0, Eq. (19) yields:
in agreement with the relation Γ [18] . Combining Eqs. (11), (17) and (20) gives
so the torsion vector is proportional to the electromagnetic potential [19] and imaginary [20] . The case S µ = 0 corresponds to general relativity for which the spin connection ω ab µ is antisymmetric in the indices (a, b) [14] .
Metric-affine Lagrangians that depend explicitly on a general, unconstrained affine connection and the symmetric part of the Ricci tensor are subject to an unphysical constraint on the sources [21] . Since the tensor of homothetic curvature is antisymmetric, the current vector density j µ must be conserved: ( j) The Ricci scalar is invariant under a projective transformation:
where V µ is an arbitrary vector. Under the same transformation, the tensor of homothetic curvature changes according to Q µν → Q µν + 4(V ν,µ − V µ,ν ). Consequently, the total action changes by
This expression is identically zero due to the field equation (15) so the action is projectively invariant. Therefore we can interpret the electromagnetic field in metric-affine gravity as the field whose role is to preserve the projective invariance of metric-affine Lagrangians that depend explicitly on the affine connection without constraining the connection [18] .
Although the tensor of homothetic curvature is not invariant under general projective transformations (22) , it is invariant under special projective transformations:
that correspond to λ-transformations of the affine connection [6] . Because of Eq. (17) the transformation (23) is a geometric representation of the gauge transformation of the electromagnetic potential:
In the presence of the gravitational field we "correct" the derivative by introducing the affine connection, while in the presence of the electromagnetic field we introduce the electromagnetic potential. Therefore it seems natural to assume that the electromagnetic potential is related to the connection [11] rather than the metric as in earlier unified field theories [2, 3, 5] .
The Heisenberg-Ivanenko equation
The Dirac Lagrangian density for a spinor field ψ (representing matter) with mass m in the presence of the gravitational field is given by
whereψ = ψ † γ 0 is the adjoint spinor corresponding to ψ, Γ µ is the spinor connection [7, 14] , {} denotes anticommutation andh = 1. In the presence of nonmetricity, the spinor connection is given by the Fock-Ivanenko coefficients with the antisymmetric part of the spin connection [14, 22] :
Since only the antisymmetric part of the spin connection appears in the Lagrangian density (26), the electromagnetic field, like the Weyl conformal vector [7] , seems not to couple to the Dirac spinor. The corresponding spin-connection hypermomentum density Ë µ ab is antisymmetric in the indices (a, b) and the current j µ vanishes due to Eq. (18). However, Eq. (27) is not a unique solution for the spinor connection; we can add to the FockIvanenko coefficients an arbitrary vector multiple of the unit matrix, V µ [14] :
Though only the antisymmetric part of the spin connection appears explicitly in Eq. (28), we can insert the symmetric part ω (ab)µ into Eq. (28) by choosing:
where q is a number. We can rewrite Eq. (28) as
where ω
is the modified spin connection. 3 Since the modified spinor connection Γ (q) µ corresponding to the addition of the vector (29) is related to the Fock-Ivanenko spinor connection Γ µ by
we must add to the right-hand side of Eq. (26) the term:
The part of the matter Lagrangian density (26) that contains the spin connection is given by
where we used the identity {γ a , γ
. Consequently, the hypermomentum density is [17] :
and Eq. (19) becomes
Using the relations (20) , which remain valid in the presence of the Dirac spinors, we obtain
Relating the constant α to charge of the electron e by α = 1 4e and using Eq. (17) bring Eq. (18) (17) we associated the spin connection with the electromagnetic potential multiplied by i. The quantization of q corresponds to the quantization of the modified spin connection (31).
Varying the action with respect to the spinor fields gives the field equations for spinors. The variation of the Dirac Lagrangian density (26) with respect to ψ gives
while the variation with respect toψ gives the equivalent equation:
Eq. (39) yields the field equation for ψ:
Using the formulae: 
Combining Eqs. (20) and (41) gives
The spin connection ω abµ is related to the affine connection by [13, 14] :
and the affine connection is related to the torsion and nonmetricity tensors by [10] : 
Therefore the spin connection ω abµ can be written as the sum of the antisymmetric spin connection ω {} abµ corresponding to the symmetric and metric-compatible affine connection { 
and the non-Riemannian part ω 
which, using the identity γ 
Combining Eqs. (42) and (48) gives the Heisenberg-Ivanenko equation with the electromagnetic coupling [17] :
Similarly, Eq. (38) yields
